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Time-reversal invariant topological superconductors are a new state of matter which have a bulk
superconducting gap and robust Majorana fermion surface states. These have not yet been realized
in solid state systems. In this paper, we propose that this state can be realized in doped Weyl
semimetals or Weyl metals. The Fermi surfaces of a Weyl metal carry Chern numbers, which is a
required ingredient for such a topological superconductor. By applying the fluctuation-exchange ap-
proach to a generic model of time-reversal invariant Dirac and Weyl semimetals, we investigate what
microscopic interactions can supply the other ingredient, viz., sign changing of the superconducting
gap function between Fermi surfaces with opposite Chern numbers. We find that if the normal
state is inversion symmetric, onsite repulsive and exchange interactions induce various nodal phases
as well as a small region of topological superconductivity on the phase diagram. Unlike the He3B
topological superconductor, the phase here does not rely on any special momentum dependence
of the pairing amplitude. Breaking inversion symmetry precludes some of the nodal phases and
the topological superconductor becomes much more prominent, especially at large ferromagnetic
interaction. Our approach can be extended to generic Dirac or Weyl metals.
I. INTRODUCTION
Nearly a decade after topological insulators took the
condensed matter community by storm, interest in topo-
logical band structures is bifurcating into two main di-
rections. The first is towards topological superconductors
(TSCs)1–5, which are close cousins of topological insula-
tors from a theoretical point of view but are a novel phase
nonetheless. They share several properties with the insu-
lators such as a gapped bulk with non-trivial winding of
the wavefunction of the occupied bands intimately tied
to robust, gapless surface states. However, the surface
states in the TSCs are composed of Majorana fermions,
in contrast to ordinary electrons in the insulating coun-
terparts. A well-known example of a three-dimensional
(3D) TSC is the B-phase of He3, in which fermionic He3
atoms condense into a superconducting state whose gap
function has a non-trivial texture in momentum space,
thus rendering the superconductor topological6. How-
ever, there is no known example of a 3D TSC in solid
state systems.
The second direction in which interest in topological
band structures is heading is towards gapless systems,
ushered forth by the discovery of a new 3D phase of mat-
ter, dubbed Weyl semimetals (WSMs). In this phase,
the low-energy electrons behave like Weyl fermions –
massless, two-component fermions well-known in high-
energy physics and described by the Weyl Hamiltonian
HWeyl ≡ ~vk · σ, where σx,y,z are the three 2 × 2 Pauli
matrices and k is momentum7–12. WSMs can be thought
of as a 3D version of graphene; however, unlike the Dirac
nodes in graphene which can be gapped out by breaking
point group symmetries of the honeycomb lattice, Weyl
nodes are stable and can only be annihilated via intern-
ode scattering or via superconductivity. Thus, transla-
tional symmetry and charge conservation together ren-
der each Weyl node stable against all symmetry preserv-
ing perturbations. This topological feature of their band
structure endows WSMs with a host of exotic physical
properties, ranging from surface states that form Fermi
arcs rather than Fermi surfaces (FSs)13,14, to unusual
transport properties hinged on a 3D axial anomaly pro-
portional to the electromagnetic field E ·B12,15–24.
Simply put, a WSM emerges when a pair of non-
degenerate bands intersects at arbitrary points in mo-
mentum space, known as the Weyl nodes. Each Weyl
node can be assigned a handedness – right or left – or a
chirality quantum number χ = ±1; the fermion doubling
theorem forces Weyl nodes to always come in pairs with
opposite chirality25,26. Furthermore, even-ness of chiral-
ity under time-reversal (T ) ensures that Weyl nodes in a
T -invariant WSM occur in multiples of four. Since the
bands must be non-degenerate, inversion (I) symmetry
is necessarily broken in such a WSM in order to respect
Kramer’s theorem. A general WSM breaks both T and I
symmetries and Weyl points may be at different energies,
thus turning the system into a Weyl metal phase with a
non-vanishing FS.
In this work, we show that T -invariantWeyl metals are
natural hosts for realizing a T -invariant TSC, and deter-
mine the microscopic interactions that cause them to do
so. That Weyl metals are convenient starting points for
obtaining a TSC can be seen as follows. In a Weyl metal,
the FSs carry non-zero Chern numbers of the Berry’s
phase gauge field. The Chern number on the FS encom-
passing the jth node, given by
Cj =
1
2π
˛
FSj
d2knˆj(k) ·∇k × aj(k) (1)
where aj(k) = −i 〈k, j|∇k |k, j〉 is the Berry connec-
tion for the state |k, j〉 on the jth FS and nˆj(k) =
vFj (k)/
∣∣vFj (k)∣∣ is the FS normal, equals the chirality of
the node: Cj = χj = ±1 irrespective of the sign of the
doping. In Ref 27, a simple formula was discovered re-
lating the FS Chern number to topological superconduc-
2tivity: given a T -invariant metal with a set of FSs with
Chern numbers {Cj}, it was shown that the topological
invariant ν for a T -invariant TSC is
ν =
1
2
∑
j∈FS
Cjsgn (∆j) (2)
where ∆j is the pairing gap function on the j
th FS
and is assumed to be much smaller than the Fermi en-
ergy in magnitude. T -symmetry ensures that ∆j is real,
and sgn(∆j) is well-defined because of the requirement
of a fully gapped state. A TSC is implied by ν 6= 0;
thus, doped WSMs are natural parent compounds for
realizing such a phase since the nontrivial Chern num-
ber is already provided by the band structure. The su-
perconducting order parameter need not have a specific
momentum-dependence like in He3B. Instead, it can be
momentum-independent on each FS but must alternate
in sign between different FSs in any pattern that makes
the weighted sum (2) non-vanishing. The question that
now begs to be answered is: what microscopic interac-
tions will induce appropriate sign changes in the pairing
gap so that the upshot is a TSC?
We answer this question by computing the pairing in-
stabilities in a generic model for a T -invariant WSM us-
ing the fluctuation-exchange approach28,29. The pairing
instabilities are generically the eigenstates of the effective
interaction vertex at the Fermi level, χijT (k,k
′), which is
defined as the amplitude for two-particle scattering from
a pair of Kramer’s conjugates |k, i〉⊗|Tˆ (k, i)〉 to another
pair |k′, j〉⊗ |Tˆ (k′, j)〉. To first order in the interactions,
the vertex is simply the projection of the bare interaction
onto the FS states. Within the fluctuation-exchange pre-
scription, it is obtained to higher orders perturbatively by
integrating out states away from the Fermi level. Once
χijT (k,k
′) is determined, the dominant pairing instabil-
ity is given by the most negative eigenvalue λT of the
linearized gap equation (~ = 1 henceforth)
∑
j
ˆ
k′
δ(vjk
′ − |µj |)χ
ij
T (k,k
′)∆j(k
′) = λT∆i(k) (3)
where µj is the chemical potential relative to the j
th
Weyl point and
´
k′
≡
´
d3k′
(2pi)3 , and the gap function∆j(k)
is given by the corresponding eigenvector. If all the eigen-
values are non-negative, there is no pairing instability.
When there is an instability, the critical temperature for
the phase transition is of the form Tc ∼ Λe
−1/ρ|λT | where
Λ is an energy cutoff and ρ is the density of states at the
Fermi level. Eq. (3) is essentially the statement that the
broken symmetry phase that ultimately forms is given by
the global minimum of the free energy and corresponds
to its most negative eigenvalue.
Physically, a pairing instability exists in T -symmetric
systems because every state has a degenerate Kramer’s
partner with which it can form a Cooper pair and fall
into a coherent condensate in the presence of attractive
interactions. In the language of renormalization, this
means that only attractive interactions between pairs
of Kramer’s conjugates states are (marginally) relevant,
while all other interactions are either irrelevant or have no
flow due to severe phase space constraints. We shall label
these Cooper pairs ‘type-T’. In I-symmetric systems, a
second type – ‘type-I’ – of Cooper pairs is also possible
where the electrons in the pair are related by I. The
corresponding pairing states are given by the eigenstates
of an effective interaction matrix χijI (k,k
′) analogous to
the interaction for type-T states:∑
j
ˆ
k′
δ(vjk
′ − |µj |)χ
ij
I (k,k
′)∆j(k
′) = λI∆i(k) (4)
The leading pairing instability in I-symmetric systems is
then given by the combined lowest eigenvalue of χI and
χT . More generally, superpositions of type-T and type-I
Cooper pairs can exist in systems with both T - and I-
symmetries. However, we will see later that such mixing
is forbidden in our system by symmetry.
Applying the above prescription, for concreteness, on
the Hamiltonian for a known Dirac semimetal Na3Bi
30
and restricting to onsite interactions for simplicity, we
find that the TSC forms over a large part of the phase
diagram, especially when I symmetry is broken. In par-
ticular, this occurs for purely Ising ferromagnetic inter-
actions (Jz < 0) and survives moderate values of Hub-
bard (U > 0) and inter-orbital (V > 0) repulsion. If I-
symmetry is restored, most of the TSC is overwhelmed by
a nodal phase and only a narrow region near the V = −Jz
line survives. Along the way, we unearth various other
nodal phases with point or line nodes. These results are
summarized in Figs. 4 and 5 and in Table I. We empha-
size that although we start with a particular model for
Dirac semimetals, our results can straightforwardly be
extended to other models by simply reinterpreting the
orbital content of the Dirac matrices.
Our work complements two recent works on supercon-
ducting instabilities of doped WSMs31,32. Both these
works consider I-symmetric WSMs, which necessarily
break T -symmetry, and study superconducting phases
within mean field theory. In contrast, we focus on T -
symmetric WSMs and compute the pairing instabilities
using an approach that is more unbiased than mean field
theory.
II. NECESSARY CONDITIONS FOR THE TSC
Before presenting the detailed calculation on our model
system, we develop some general intuition on the mi-
croscopic origins of the TSC. Consider a “minimal” T -
symmetric Weyl metal with four isotropic Weyl nodes,
Hj(k) = (−1)
j
~v|j|k · Γj − µ|j|, j ∈ {1,−1, 2,−2} (5)
where Γj are 2 × 2 Pauli matrices in the basis of the
local degrees of freedom at the jth Weyl node, and k is
3the momentum measured with respect to the Weyl point
wavevector. The corresponding energy eigenvalues are
E±j (k) = sgn
(
µ|j|
) (
~v|j|k ±
∣∣µ|j|∣∣). H±j are related by
T and have the same FS Chern number Cj = (−1)
j.
Isotropy of each Weyl node can be assumed without loss
of generality as any anisotropy can be removed by locally
rescaling momentum relative to the Weyl node.
For isotropic Weyl nodes, the superconducting gap
function projected onto the FSs in any T -symmetric
gapped phase must have the form ∆j(k) = ∆|j|, i.e.,
it must be independent of k and the same for Kramer’s
conjugate FSs. T -symmetry further requires ∆|j| ∈ R.
For weak pairing, the Bogoliubov-de Gennes Hamilto-
nian that describes pairing of Kramer’s conjugate Weyl
nodes can be written as
HBdGj = Ψ
†
j(k)
(
E−j (k) ∆|j|
∆|j| −E
−
j (k)
)
Ψj(k) (6)
where Ψ†j(k) =
(
ψ†j(k), ψ−j(−k)
)
is the usual Nambu
spinor corresponding to ψ†j (k), the creation operator for
a fermion at the Fermi level at momentum k relative to
the jth Weyl node. The form ∆j(k) = ∆|j| ∈ R block
diagonalizes χij and simplifies (3) to(
χ¯11 χ¯12
χ¯12 χ¯22
)(
∆1
∆2
)
= λT
(
∆1
∆2
)
(7)
where χ¯ij = χ¯ji = χ¯
∗
ij is χ
ij
T (k,k
′) averaged over k and
k′ on FSs i and j, respectively:
χ¯ij =
ˆ
k,k′
δ
(
v|i|k − |µi|
)
δ
(
v|j|k
′ − |µj |
)
χijT (k,k
′) (8)
as depicted in Fig 1. We have used fermion antisymme-
try in conjunction with Tˆ 2 = −1 in deriving (7). The
topological invariant defined in (2) then reduces to
ν =
1
2
(2sgn (∆1)− 2sgn (∆2))
= sgn (∆1)− sgn (∆2) (9)
Therefore the necessary condition for the TSC is that ∆1
and ∆2 have opposite signs. For the TSC to be favored
over the trivial state, in which ∆1 and ∆2 have the same
sign, the criteria χ¯ij must fulfil are
χ¯12 > 0 and
{
χ¯11 + χ¯22 < 0 or
χ¯11χ¯22 < (χ¯12)
2 (10)
These requirements are quite non-trivial. Purely at-
tractive effective interactions violate the first condition
and instead give a trivial superconductor. On the other
hand, purely repulsive ones satisfy (10) only if inter-FS
scattering is stronger than intra-FS scattering, which is
unnatural. One way to satisfy these conditions is by in-
cluding Coulomb repulsion as well as attractive interac-
tions, such as those mediated by phonons, and fine-tuning
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Figure 1: Schematic illustration of the pairing
interaction and the gap functions described in Sec II.
The dotted circles denote the normal state FSs with
index i as discussed in the text and Chern numbers
C = ±1, while the solid lines represent the gaps ∆1,2 in
the superconducting state. χ¯ij is the average Cooper
scattering amplitude from Kramer’s conjugate states on
the (i,−i) FSs to the (j,−j) FSs.
their relative strengths. This way, the net interaction can
be made to change sign over large momenta, comparable
to the separation of the Weyl nodes, as required by (10).
It would, however, be nicer if the necessary momentum
dependence emerged naturally without fine-tuning. Note
that (10) are not sufficient conditions for a TSC; they en-
sure that the TSC wins over the trivial superconductor
but do not rule out nodal phases.
Eq. (10) are conditions on the effective interactions at
the Fermi level. Next, we ask, can an onsite interaction
Uαβγδα†β†γδ, assumed to be T -symmetric, give effective
interactions that satisfy (10)? Naively, this seems im-
possible because (10) requires interactions to depend on
the FS indices and hence, on momentum, but onsite in-
teractions are momentum-independent33. However, the
effective interaction can acquire momentum dependence
in two ways.
Firstly, the FS wavefunctions and hence the operators
that project the interactions onto the FSs depend on mo-
mentum. That is, projecting U onto Kramer’s conjugate
states on the FSs gives χ:
χijT (k,k
′) = Uαβγδ〈k′, j|α〉〈Tˆ (k′, j)|β〉〈γ|Tˆ (k, i)〉〈δ|k, i〉
(11)
which is momentum dependent. However, it turns out
that such momentum dependence cannot give a gapped
TSC. To see this, we rewrite the k′-dependent part of the
right hand side above as
〈k′, j|α〉〈Tˆ (k′, j)|β〉 = −〈Tˆ β|k′, j〉〈k′, j|α〉
= −
〈
Tˆ β
∣∣Pj(k′)∣∣α〉 , (12)
with Pj(k
′) = |k′, j〉〈k′, j| = 12
(
1 +
(−1)jk′·Γj
k′
)
the
4projection operator onto state |k′, j〉. Clearly, the j-
dependent part of Pj(k
′) vanishes after integration over
k′. Therefore, χ¯ijT obtained by a FS average of χ
ij
T (k,k
′)
is independent of the FS indices and cannot support a
TSC. In summary, assuming only T -symmetry and lin-
ear dispersion, bare on-site interactions cannot satisfy
conditions (10) for a TSC even though the FS effective
interaction is momentum dependent.
Secondly, χijT (k,k
′) receives contributions from virtual
processes at higher orders in the bare interactions which
are, in general, momentum dependent. A consequence
of these induced momentum dependences is that there
can be channels in which the gap function ∆ is also mo-
mentum dependent, in such a way that it sees an effec-
tive attractive interaction. In other words, there can be
eigenstates∆(k) of (3) with negative eigenvalue λ. In the
past, such a procedure has been used to predict non-zero
angular momentum pairing states induced by Hubbard
repulsion28,29. As we will show explicitly in a model sys-
tem, it is indeed possible to induce a TSC with effective
interactions incorporating such second order processes.
As a final note before moving onto the actual calcu-
lation for a prototype model, we point out that type-I
Cooper pairing in I-symmetric systems cannot induce
topological superconductivity. Since I relates FSs with
opposite Chern numbers, the pair amplitude on each FS
necessarily has a phase that winds around some axis pass-
ing through the corresponding Weyl node, which in turn
requires it to have nodes on the FS. Thus, there are no
type-I pairing states that are fully gapped and hence,
there is no topological superconductivity.
III. A PROTOTYPE MODEL
Having proven that higher order processes are neces-
sary for obtaining a TSC in a general T -symmetric WSM,
we now apply our analysis to a prototype model which
describes a T -symmetric WSM with minimal number of
Weyl points for concreteness. We start from the Dirac
semimetal A3Bi proposed in Ref. 30, with A=Na, K, Rb.
Na3Bi has been recently realized experimentally
34,35. Al-
though A3Bi is a Dirac semimetal
36 with two Dirac
nodes, it can be thought of as a parent compound for
a T -invariant WSM with four Weyl nodes, because the
latter can be obtained from the former via a suitable
I-breaking structural deformation. Below, we first use
Na3Bi as an example to explain the prototype model with
I-symmetry and then discuss the effects of I-symmetry
breaking. Effective interaction terms will be investigated
post the description of the band structure. All discussion
about the effective model applies to other A3Bi materials.
A. The prototype model of Dirac semimetal
The crystal structure of Na3Bi consists of two inequiv-
alent sets of Na atoms, Na(1) and Na(2) and one set
of Bi atoms. Na(1) atoms form a honeycomb lattice
with Bi, while Na(2) are interspersed between the hon-
eycomb layers. The low energy theory near the Dirac
point involves four orbitals, including an even parity su-
perposition of the 3s orbitals of Na(1) and Na(2), hence-
forth referred to as S, and an odd-parity superposition
of the 6 px ± ipy orbitals of Bi atoms in adjacent hon-
eycomb layers, which we shall call P . With spin-orbit
coupling, the low energy bands near Fermi level are
|s ↑〉 , |px + ipy, ↑〉 , |s ↓〉 , |px − ipy, ↓〉 which have angular
momentum quantum number Jz =
1
2 ,
3
2 ,−
1
2 ,−
3
2 respec-
tively. The low energy effective Hamiltonian of these four
bands can be written as H0(k) = c
†
kh0(k)ck with
h0(k) = A(τxσzkx − τyky)− (M0 −M1k
2
z)τz
+(ǫ(k)− µ) I
=


M(k) Ak+ 0 0
Ak− −M(k) 0 0
0 0 M(k) −Ak−
0 0 −Ak+ −M(k)


+(ǫ(k)− µ) I (13)
Here ck is a four-component fermion annihilation op-
erator, τx,y,z and σx,y,z are Pauli matrices in the or-
bital and spin-space, respectively, A, M0 and M1 are
positive constants, ǫ0(k) is a k-dependent energy shift
and µ is the chemical potential30. We have denoted
M(k) = M0 − M1k
2
z in the second line above. Note
the distinction between ck and ψj(k) introduced in Sec
II; the former is a four-component spinor in the spin and
orbital basis whereas the latter is a one-component field
representing a state at the Fermi level. h0(k) has Dirac
nodes at ±K zˆ = ±
√
M0/M1zˆ. The symmetries of the
system are time reversal Tˆ ≡ iσyK, inversion Iˆ ≡ τz,
spin rotation Sˆz ≡ σz/2 as well as threefold rotation sym-
metry about the c-axis. Here K is the complex conjuga-
tion operator. In the long wavelength limit, the threefold
rotation symmetry is enlarged to a continuous rotation
symmetry Rz ≡ −i∂φ − τzσz/2 to quadratic order in
the momentum, with −i∂φ (−τzσz/2) the orbital (spin)
angular momentum.
B. Effects of inversion symmetry breaking
Adding I breaking terms lifts the degeneracy between
the two pairs of Kramers degenerate bands at each Dirac
point. For example, a simple term
h1(k) = 2M1δKkzτzσz (14)
splits the two Dirac nodes into four Weyl nodes located
at (±K ± δK) zˆ to first order in δK/K, while preserving
the symmetries Rˆz, Sˆz and Tˆ , as shown in Fig 2.
I-symmetry breaking has crucial effects on supercon-
ductivity. In the I-symmetric Dirac semimetal, there
are two degenerate states at each wavevector on the FS.
Thus, a state |k, i〉 can generically form a Cooper pair
5Figure 2: The energy dispersion (a) and the
corresponding FS contour (b) in the kx − kz plane, for
the I-breaking term given by Eq. (14). The red and
blue contours in (b) correspond to spin up and down
FSs, respectively.
with a superposition of its time-reversal partner |T (k, i)〉
and inversion partner |I (k, i)〉, i.e., it can form a super-
position of a type-T and a type-I Cooper pairs. In the
current model, type-T Cooper pairs have total Sz = 0
while type-I Cooper pairs have total Sz = ±1. Due to
Sz-conservation, there is thus no mixing between the two
types of Cooper pairs. On the other hand, when the two
degenerate bands are split by an I-breaking term, there
is only one state |k, i〉 at a generic point at the Fermi
level, and the state at opposite momentum is |T (k, i)〉.
The inversion partner |I(k, i)〉 now has a different energy
and moves away from the Fermi level. As long as the
splitting energy scale is much larger than the supercon-
ducting gap, Cooper pairing can only occur between the
Kramers partners |k, i〉 and |T (k, i)〉. In other words, I-
symmetry breaking suppresses some of the pairing chan-
nels and thus improves the stability of the T -invariant
superconducting phases, including the TSC that we seek.
Indeed, in our fluctuation-exchange calculation that will
be discussed later, we find that the TSC phase is much
more stable in the absence of I-symmetry.
C. Effective interaction terms
Next, we discuss interaction terms that are consistent
with the symmetries of the system. For A3Bi, the elec-
tron orbitals near the Fermi level are itinerant, so that
we can start from the band structure model discussed
above, and treat a general short-ranged interaction as a
perturbation. To the leading order, it leads to a quartic
term in the four-band model:
Hint =
∑
k,k′,q,αβγδ
c†k+q,αc
†
k′−q,βck′,γck,δgαβγδ
(
k,k′, q
)
(15)
with gαβγδ
(
k,k′, q
)
=
ˆ
d3rd3r′u∗k+qα(r)u
∗
k′−q,β(r)uk′γ(r)ukδ(r)V
αβγδ (r − r′) eiq·(r−r
′)
Here ukα(r) is the periodic part of the Bloch function
for the orbital α, with α running over the four orbitals in
the effective model, and V αβγδ(r−r′) is a general short-
ranged interaction. Note that there is no sum over the
Greek indices in the second line.
We now make the following two simplifying approx-
imations. Firstly, in all materials discussed here, the
Weyl points are close to the Γ point in the Brillouin
zone, so that we can approximate ukα(r) by its Γ
point value u0α(r). Secondly, the Fourier transform
of short-ranged interaction potential is smooth in q, so
that we can expand the interaction vertex in powers of
q: gαβγδ
(
k,k′, q
)
≃ gαβγδ (0,0, q) ≃ gαβγδ (0,0,0) +
q ·∇qgαβγδ (0,0, q)|q=0 + .... To leading order in q, we
approximate the interaction vertex by the momentum in-
dependent form gαβγδ (0,0,0) ≡ g0αβγδ, which in real
space corresponds to approximating the short-range in-
teraction by an on-site interaction. In short, the location
of the Weyl nodes close to the Γ-point allows us to strip
the interaction of any weak intrinsic momentum depen-
dence. This is justified insofar as the TSC is sought, since
a weak momentum dependence cannot change the sign of
the interaction over momenta comparable to the splitting
of the Weyl node, which was shown to be necessary con-
dition for the TSC in Sec II.
Either with the approximations above, or phenomeno-
logically, we can now write down the generic form of the
on-site interaction vertex g0αβγδ that is consistent with
the symmetries of the system, including T -symmetry,
Rz-symmetry and Sz-conservation. The allowed terms
are:
1. Density-density interactions:
(a) Hubbard repulsion: USnS↑nS↓ + UPnP↑nP↓
(b) Inter-orbital repulsion: V (nS↑ + nS↓)(nP↑ +
nP↓)
2. Ising exchange: JzS
†
i σ
ij
z SjP
†
kσ
kl
z Pl
3. Pair-hopping: W
(
S†↑S
†
↓P↓P↑ + P
†
↑P
†
↓S↓S↑
)
Here Si = (S↑, S↓) and Pi = (P↑, P↓) are the annihilation
operators of the four bands, and nS = S
†
i Si, nP = P
†
i Pi
are the net fermion numbers in the S and P orbitals,
respectively. All these interactions preserve I symme-
try. Moreover, breaking I symmetry while preserving
6the other symmetries does not allow any more terms. If
we assume only the three-fold rotation symmetry instead
of the continuous rotation symmetry Rz, more interac-
tion terms will be allowed. However, the effect of these
terms to the low energy physics is suppressed since the
Rz-symmetry breaking terms are of order k
3. Thus, we
will only consider the four kinds of interactions listed
above.
IV. THE FLUCTUATION-EXCHANGE
CALCULATION
We now calculate the effective interaction vertices
χijT (k,k
′) and χijI (k,k
′) for the prototype model and then
use (3) and (4) to find the leading pairing instability.
Since we are interested in the physics of the Weyl nodes,
we assume |µ|, δK ≪ K. In this limit, it is reasonable to
linearize the Hamiltonian H0 and work, instead, with
H0(k) = c
†
k [τxσzkx − τyky + νzτzkz − µ] ck (16)
≡
∑
j
c†k,j (Γj · k − µ) ck,j
where Γj[σ,ν] ≡ (〈σz〉 τx,−τy, 〈νz〉 τz), i.e., the four Weyl
nodes are eigenstates of σz and νz so that their 2×2Weyl
Hamiltonians can simply be written by replacing σz and
νz in (16) by their eigenvalues. Additionally, momenta
have been rescaled to make the nodes isotropic, for con-
venience, and the Dirac velocity has been set to unity.
Note that momentum is now measured from the node.
H0 is the most general Hamiltonian for four degenerate
Weyl nodes, because any other suitable Hamiltonian is
unitarily related to H0 and can differ only in the orbital
content of the Dirac matrices. Thus, the results obtained
here can be straightforwardly extended to other similar
systems by appropriate unitary transformations.
Assuming µ > 0 without loss of generality, the
wavefunctions for the Fermi level states |k, j[σz, νz ]〉 ≡
|k, 〈σz〉 , 〈νz〉〉 are
|k,−,+〉 ≡
(
1
0
)
⊗
(
− cos
θ
2
, eiφ sin
θ
2
)T
⊗
(
0
1
)
|k,+,−〉 ≡ iνxσyK| − k,−+〉
|k,−,−〉 ≡ νxτz| − k,−+〉
|k,+,+〉 ≡ iνxσyK| − k,−−〉 (17)
where the first, second and third factors in the direct
product refer to the valley (ν), orbital (τ) and spin (σ)
parts of the spinors, respectively, and θ and φ are the
usual spherical polar angles of k. These spinors will be
used to project any interaction onto the FS.
A. First order
To first order in the interactions, the calculation is
straightforward and can be done analytically. We simply
project each interaction onto FS states related by T or I
and obtain the effective interaction matrix χXO,ij(k,k
′) =
〈k′, j| ⊗ 〈O(k′, j)|X |O(k, i)〉 ⊗ |k, i〉 where i ∈ {±1,±2},
X is one of the two-body interaction Hamiltonian oper-
ators listed in Sec III and O = I, T . Once we have the
total effective interaction for a particular type of Cooper
pairs, χO(k,k
′) =
∑
X χ
X
O (k,k
′), the pairing instabili-
ties are determined by solving the eigenvalue equations
(3) and (4). The results to first order are as follows.
1. Hubbard interaction and pair-hopping:
For simplicity, we first present results for US = UP =
U . Then, the Hubbard interaction and pair-hopping have
the same set of eigenstates for (3) and can be studied
together. The effective interaction for non-zero U and
W but V = Jz = 0 for type-T Cooper pairs is
χUT (k,k
′) + χWT (k,k
′) =
U +W
8


1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1


+
U −W
8
cos θ cos θ′


1 −1 1 −1
−1 1 −1 1
1 −1 1 −1
−1 1 −1 1

 (18)
This has two sets of eigenstates with non-trivial eigenval-
ues. They are
∆S(k) = (1, 1, 1, 1)
T , λ0 =
U +W
2
(19)
∆P,n(k) = cos
2n−1 θ(1,−1, 1,−1)T , λn =
U −W
4n+ 2
where n ∈ Z > 0. All these states preserve T and I. ∆S
is gapped while ∆P,n has a line node at θ = π/2. Clearly,
a pairing instability exists in one of the above channels
when |W | > U . If US 6= UP , the gap functions develop
additional variations over the FSs, but the phase remains
the same. Only in the extreme case where one of US and
UP vanishes, the gap functions develop additional nodes.
For type-I Cooper pairs, the effective interaction in
these channels vanishes. This is because the creation (or
annihilation) operators in these interactions are Kramer’s
conjugates and thus have opposite spins, but type-I
Cooper pairs involve equal spin pairing. Thus, project-
ing the Hubbard or pair-hopping interaction onto states
related by I identically gives zero.
2. Inter-orbital repulsion and Ising exchange:
These two interactions have the same eigenstates for
(3) or (4) and can be conveniently studied together. For
type-T Cooper pairs, the effective interaction for U =
7W = 0 and non-zero V and Jz is
χVT (k,k
′) + χJzT (k,k
′) =
V − Jz
8
sin θ sin θ′×
cos(φ− φ′)


1 −1 −1 1
−1 1 1 −1
−1 1 1 −1
1 −1 −1 1

 (20)
Clearly, only the difference V −Jz is important for type-T
Cooper pairs. The eigenstates with non-trivial eigenval-
ues are
∆T±(k) = sin θe
±iφ(1,−1,−1, 1)T , λT± =
V − Jz
6
(21)
These states have point nodes at θ = 0, π and are odd
under I and break T . A pairing instability exists in this
channel if Jz > V .
For type-I Cooper pairs, the effective interaction is
χVI + χ
Jz
I =
V + Jz
4
sin θ sin θ′×

ei(φ−φ
′) 0 0 ei(φ−φ
′)
0 e−i(φ−φ
′) e−i(φ−φ
′) 0
0 e−i(φ−φ
′) e−i(φ−φ
′) 0
ei(φ−φ
′) 0 0 ei(φ−φ
′)

 (22)
and has the spectrum
∆I+(k) = sin θe
iφ′
(
1 0 0 1
)T
, λI+ =
V + Jz
3
(23)
∆I−(k) = sin θe
−iφ′
(
0 1 1 0
)T
, λI− =
V + Jz
3
(24)
These states are odd under I, break T -symmetry and
have nodes at θ = 0, π. They appear when Jz < −V .
Thus, there exist various gapped as well as nodal
phases. However, the TSC, given by ∆ ∼ (1, 1,−1,−1)T ,
is an eigenstate of each interaction with eigenvalue zero.
In other words, there is no energy gain in forming the
TSC, as we had anticipated in Sec II.
B. Second order
We now consider two-particle scattering processes in
the Cooper channel to second order in the bare interac-
tions. The diagrams to this order are depicted in Fig
3. As usual, the solid lines represent fermions and each
wavy line denotes any one of the five interactions Us, Up,
V , Jz and W .
These processes introduce momentum dependence into
the interaction. The first two of these processes have been
studied in the past for electrons interacting purely via
Hubbard repulsion. While the former has been shown
to induce spin singlet d-wave superconductivity near a
spin density wave instability28, the latter mediates ferro-
magnetic fluctuations and induces an instability towards
k, ,ν
O k, ,ν)
k', ',ν'
O k', ',ν')
k,σ,ν
O(k,σ,ν)
k',σ',ν'
O(k',σ',ν')
k,σ,ν
O(k,σ,ν)
k',σ',ν'
O(k',σ',ν')
k,σ,ν
O(k,σ,ν)
k',σ',ν'
O(k',σ',ν')
Figure 3: Diagrams that contribute to the effective
interaction to second order in the bare interactions.
The wavy lines represent any one of the five interactions
Us, Up, V , Jz and W .
a p-wave superconductor with equal spin pairing29. The
bottom row of diagrams does not exist for the Hubbard
interactions Us,p or pair-hoppingW , but does, for V and
Jz. It can be checked that these four diagrams are related
to one another by an exchange of a pair of fermion opera-
tors for one or both of the bare interactions. Integrating
over the internal lines gives
lim
β→∞
1
β
∑
iωn
ˆ
dk′′
(2π)3
Gj1ab(iωn,k
′′)Gj2cd(iωn,k
′′−Q) =


− Λ
2
16pi2
[
δabδcd −
1
3Γ
j1
ab · Γ
j2
cd
]
Q = 0
− Λ
2
16pi2
[
δabδcd + Γ
j1
ab · Γ
j2
cd − 2(Γ
j1
ab · Qˆ)(Γ
j2
cd · Qˆ)
]
Q 6= 0
(25)
to lowest order in µ/Λ. Here, Gjab(iω,k) =
[iω − Γj · k + µ]
−1
ab is the Matsubara Green’s function of
an internal fermion line, (iωn,k, j) are the internal fre-
quency, momentum relative to the Weyl node and Weyl
node index, respectively, Λ is a momentum cut-off which
physically corresponds to the scale where non-linearities
of the dispersion become important and Q is the differ-
ence in momenta of the internal lines and takes one of
the four values ±k ± k′ depending on the diagram.
The rank-4 tensors in (25) are contracted with the two
rank-4 interaction tensors denoted by the wavy lines in
Fig 3, the resulting expression is anti-symmetrized with
respect to the external lines, and finally projected onto
FS states using (17). Although the integrals can be done
analytically, the bookkeeping of the diagrams in the pres-
ence of all the interactions is best done numerically. Fi-
8Figure 4: Phase diagram upto second order in the
interactions at W = 0 in the presence of I-symmetry.
The gray phase at negative Jz and intermediate U or V
is the T -symmetric topological superconductor. The
phases were determined numerically, using µ = 0.1 and
Λ = 1.0. Details of all the phases are in Table I.
nally, the first order interactions are added to the results
to obtain χO(k,k
′) for each type of Cooper pairs, and the
eigenvalue equations (3) and (4) are solved to determine
the superconducting phases. The results are discussed in
next subsection.
C. Summary of the results
The fluctuation-exchange approach discussed so far
can be applied to systems with generic interaction pa-
rameters. To understand the result, we make the choice
Us = Up ≡ U and W = 0 and present the phase diagram
in the space of Jz , V, U in Figs. 4 and 5. W = 0 is chosen
on grounds of realizability since it is the least common
of all interactions considered here. A small non-zero W
clearly does not affect the type-I pairing states to first
order because they involve equal spin pairing whereas
W involves hopping of Kramers conjugate states which
have opposite spin. For type-T pairing states, a straight-
forward evaluation of the matrix elements of χWT in the
basis of the eigenvectors describing each state shows that
δU and δV are destabilised by W while the other states
are unaffected to first order in W .
The black phase labeled δTSC is the TSC. When I-
symmetry is preserved, δTSC appears in a narrow range
of ferromagnetic Jz and repulsive V , and is dominated by
a nodal phase if either of these interactions is enhanced.
Importantly, the nodal phase at large ferromagnetic Jz is
an equal spin pairing state, consisting of type-I Cooper
pairing, and is thus precluded if I-symmetry is broken.
In the absence of I-symmetry, therefore, δTSC appears
over a much larger region of the phase diagram. In par-
ticular, it forms if interactions are purely ferromagnetic,
Figure 5: Phase diagram upto second order in the
interactions at W = 0 in the absence of I-symmetry.
The black phase at negative Jz is the T -symmetric
TSC, which occupies a larger part of the phase diagram
compared to Fig 4 when I-symmetry is present. The
phases were determined numerically, using µ = 0.1 and
Λ = 1.0. The Jz = 0 cross-section is identical to the one
in Fig 4. Details of all the phases are in Table I.
Phase Cooper pair T Nodal structure φ-dependence
∆T± T-type × 2 point nodes e
±iφ
∆I± I-type × 2 point nodes e
±iφ
δTSC T-type X gapped none
δU T-type X 2 line nodes none
δV T-type × 2 point, 1 line e
±iφ
δUV T-type × 2 point nodes e
±2iφ
δV J I-type × 2 point, 2 line e
±iφ
Table I: Details of the phases in Figs. 4 and 5.
∆-phases (δ-phases) appear to first (second) order in
the interactions. φ is the azimuthal angle in momentum
space. The phases with no phi-dependence are
non-degenerate while the rest are doubly degenerate,
with one state corresponding to each sign in the
‘phi-dependence’ column. δTSC is the topological
superconductor.
and survives moderate V and U .
We make a quick note about a subtlety of the type-I
pairing states. Since the FSs have Chern numbers, the
wavefunctions on them cannot be defined globally. For
any phase choice of the wavefunction, each FS has a point
around which the phase of the wavefunction winds, but
the magnitude is non-vanishing. Consequently, the gap
functions projected onto the Fermi level are not smooth
either even though the Cooper pair wavefunctions written
in terms of the underlying orbitals are. This is not an
issue for the type-T Cooper pairs, because the phases of
wavefunctions of Kramer’s conjugates mutually cancel.
9V. CONCLUSION AND DISCUSSIONS
In summary, we have proposed a general procedure for
the search of T -invariant topological superconductivity in
doped WSMs. The nontrivial Berry curvature at the FSs
of WSMs allows the TSC to be realized for a pairing func-
tion with no special momentum dependence like in He3B.
Using the fluctuation-exchange approach, we discovered
the general requirements on the effective interaction for
the realization of a TSC phase using a minimal model
of T -invariant WSM. As an explicit example, we study a
prototype model describing Dirac semimetal A3Bi and its
I-breaking deformation. We studied explicitly the possi-
ble interaction terms up to second order of the bare inter-
action, and obtained the phase diagram of possible super-
conductor phases. We showed that the TSC exists when
the ferromagnetic exchange coupling is greater than or
comparable to the repulsive density-density interactions,
and is stabilised greatly by the violation of I-symmetry.
Thus, our results suggest searching for the TSC phase in
doped A3Bi family of materials. Interestingly, another
Dirac semimetal, Cd3As2, was theoretically predicted
37
and experimentally realized38–41 recently. Different from
A3Bi, Cd3As2 is proposed to be I-breaking, although
the I-breaking does not separate the Weyl points, but
instead induces a velocity anisotropy37. Nonetheless, it
would be extremely interesting to investigate what kinds
of superconductivity are possible in this material; in par-
ticular, is it a better candidate for possible TSCs than
A3Bi, since it already breaks inversion symmetry?
Although we used the prototype model as an example,
our proposal of realizing TSC in doped WSM is generic
and can apply to other doped WSM systems with suit-
able electronic interactions. The general idea is that the
topological nontrivial FSs in doped WSM already provide
a suitable normal state for TSC, and the inversion sym-
metry breaking helps to suppress other competing super-
conducting orders. For a given doped WSM system, the
fluctuation-exchange method can be used to determine
whether the electron interaction in this system prefers
TSC. Now that the list of WSMs and Dirac semimet-
als is growing rapidly, our proposal provides a guiding
principle and a general method for the search of a 3D
TSC in this large family of materials. An interesting fu-
ture direction is to generalize this approach to systems
with degenerate points on the FSs, i.e., touching points
of multiple FSs. In such cases, the pairing order parame-
ter can generically take a matrix form at the degenerate
points, allowing richer possibilities for superconductivity.
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